
Degree-Bounded Minim um Spanning T rees

?

Ra ja Jothi

a ; �

Bala ji Ragha v ac hari

b

a

L ab or atory of Mole cular Immunolo gy, National He art Lung and Blo o d Institute, National Institutes

of He alth, R o ckvil le, MD 20892, USA

b

Deptartment of Computer Scienc e, University of T exas at Dal las, TX 75080, USA

Abstract

Giv en n p oin ts in the Euclidean plane, the degree- � minim um spanning tree problem asks for a

spanning tree of minim um w eigh t in whic h the degree of eac h v ertex is at most � . The problem

is NP-hard for 2 � � � 3, while the NP-hardness of the problem is op en for � = 4. The

problem is p olynomial-time solv able when � = 5. By presen ting an impro v ed appro ximation

analysis for Chan's degree-4 MST algorithm [4], w e sho w that, for an y arbitrary collection of

p oin ts in the Euclidean plane, there alw a ys exists a degree-4 spanning tree of w eigh t at most

(

p

2 + 2) = 3 < 1 : 1381 times the w eigh t of a minim um spanning tree .

Key wor ds: Spanning T rees, Minim um Spanning T rees, Appro ximation Algorithm, Geometric

Optimization, Net w ork Design.

1. In tro duction

Giv en n p oin ts in the Euclidean plane, with the w eigh t of an egde de�ned to b e its

length, the degree- � minim um spanning tree problem asks for a minim um w eigh t spanning

tree in whic h the degree of eac h v ertex is at most � . This problem is a generalization of the

Hamiltonian path problem, whic h is NP-hard [11,13]. P apadimitriou and V azirani [20]

sho w ed that the Euclidean v ersion of the problem in <

2

is NP-hard for � = 3 and

conjectured that it remains NP-hard for � = 4 as w ell. The problem is p olynomial-

time solv able when � = 5 [19]. In this pap er, w e sho w that, for an y arbitrary collection
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of p oin ts in the plane, there alw a ys exists a degree-4 spanning tree of w eigh t at most

1 : 1381, (

p

2 + 2) = 3 to b e exact, times the w eigh t of a minim um spanning tree (MST).

In particular, w e presen t an impro v ed appro ximation analysis for Chan's degree-4 MST

algorithm [4].

1.1. Pr evious r esults

Christo�des [6] ga v e a 1.5-appro ximation algorithm for the tra v eling salesman problem

(TSP) for general metrics. Arora [1] and Mitc hell [18] presen ted p olynomial-time appro x-

imation sc hemes (PT AS) that �nds a Hamiltonian cycle (TSP) in Euclidean metric, for

�xed dimensions. Unfortunately , neither Arora's nor Mitc hell's algorithm for degree-2

trees extend to �nd degree-3 or degree-4 trees. As of no w, there is no PT AS for �nding

degree-3 or degree-4 spanning trees [2]. Recen tly , Arora and Chang [3] ha v e devised a

QPT AS for the Euclidean degree- � spanning tree problem in <

d

. A QPT AS is an ap-

pro ximation sc heme whose running time is quasi-p olynomial, e.g., n

O (log

c

n )

, where c is

constan t that dep ends on d . Giv en n p oin ts in the plane, � = 3 or 4, and � > 0, Arora and

Chang's QPT AS �nds an appro ximation with w eigh t within 1 + � of the lo w est w eigh t

spanning tree with the prop ert y that all no des ha v e degree at most � .

F or an y collection of p oin ts in the plane, Kh uller, Ragha v ac hari, and Y oung [15] sho w ed

that there exist degree-3 and degree-4 spanning trees whose w eigh ts are at most 1.5 and

1.25 times the w eigh t of an MST, resp ectiv ely . They also sho w ed that for an y d � 3,

an arbitrary collection of p oin ts in <

d

con tains a degree-3 spanning tree whose w eigh t

is at most 5/3 times the w eigh t of an MST. The ratio for degree-4 spanning trees w as

impro v ed to 1 : 175 b y Jothi and Ragha v ac hari [14]. In an indep enden t and parellel w ork,

Chan [4] impro v ed the ratio for degree-4 spanning trees to 1 : 143. He also impro v ed

the ratio for degree-3 spanning trees to 1 : 402, for p oin ts in the plane, using an elegan t

recursiv e algorithm. F or degree-3 spanning trees in higher dimensions, Chan sho w ed that

Kh uller et al.'s [15] constan t of 5/3 can b e reduced to 1 : 633 b y a more careful analysis.

Notice that the ratios presen ted here are with resp ect to an MST, and not with resp ect

to an optimal degree- � spanning tree as appro ximated b y Arora and Chang [3].

1.2. Our c ontributions

It is imp ortan t to men tion here that the results in this pap er w ere disco v ered inde-

p enden t of [3]. In this pap er, w e presen t an impro v ed appro ximation analysis for Chan's

degree-4 MST algorithm [4] thereb y sho wing that, for an y arbitrary collection of p oin ts

in the plane, there alw a ys exists a degree-4 spanning tree of w eigh t at most 1 : 1381,

(

p

2 + 2) = 3 to b e exact, times the w eigh t of a minim um spanning tree (MST). Our im-

pro v emen t assumes signi�cance considering the amoun t of e�ort required to obtain it.

The di�culties in impro ving Chan's ratio w as o v ercome b y using a more careful c harging

sc heme complemen ted b y a new sa vings analysis. Our new ideas w ere crucial in impro v-

ing the ratio, without whic h impro v emen t of the ratio migh t not ha v e b een p ossible. In

addition, w e sho w our ratio is tigh t and cannot b e impro v ed unless a more global (non-

lo cal) approac h is considered rather than p erforming just lo cal c hanges. This is due to

the fact there exists placemen t of p oin ts in the plane for whic h our ratio of (

p

2 + 2) = 3

cannot b e impro v ed with just lo cal c hanges.
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W e �rst sho w that the angle enclosed b et w een an y t w o sides of a triangle can b e used

to b ound the w eigh t on the third side in a precise manner. Of course, the third side

can b e expressed exactly using trigonometry , but this form ulation is unsuitable due to

its non-linear nature. Our metho d pro vides a linear appro ximation whic h is more easily

analyzed. W e then sho w that t w o MST edges that in tersect at a p oin t at an acute angle

force edge-w eigh t constrain ts on eac h other. The latter result pla ys an imp ortan t role in

the impro v emen t of the ratio. If an MST is giv en as part of the input, Chan's algorithm

runs in O ( n ) time, and in O ( n log n ) time otherwise.

1.3. R elate d work

P apadimitriou and V azirani [20] sho w ed that all MSTs with in teger co ordinates as

v ertices ha v e maxim um degree of at most 5. Monma and Suri [19] sho w ed that for an y

arbitrary collection of p oin ts in the plane, there exists an MST of degree 5. F • urer and

Ragha v ac hari [10] ga v e a p olynomial time algorithm that �nds a spanning tree or a

Steiner tree of a giv en subset of v ertices in a graph with degree at most one more than

the degree of an optimal tree. Fisc her [9] extended their results to w eigh ted graphs that

�nds an MST whose degree is within a constan t m ultiplicativ e factor plus an additiv e

O (log n ) of the optimal degree.

K• onemann and Ra vi [16] presen ted a simple and elegan t O (1)-appro ximation algorithm

for the degree- � MST whic h outputs a tree whose degree is O ( � + log n ). In [17], they

presen ted a new algorithm with the same results, but this time for the case when the

b ounds on degree of eac h v ertex are individually sp eci�ed. Chaudh uri et al [5] presen ted

a p olynomial time algorithm that �nds a tree of optimal cost and with maxim um degree

at most b� + 2( b + 1) log

b

n (where is b > 1) for b oth uniform and non-uniform degree

b ound cases. Recen tly , Go emans [12] sho w ed that one can e�cien tly �nd a spanning tree

of maxim um degree at most � + 2 whose cost is at most the cost of the optim um spanning

tree of maxim um degree at most � .

Ra vi et al. [21] presen ted bicriteria appro ximation algorithms for �nding b ounded-

degree Steiner trees of lo w w eigh t. Salo w e [23], and Das and He�ernan [7] presen ted

algorithms for computing b ounded-degree graph spanners. Robin and Salo w e [22] studied

b ounds on the maxim um degree of MSTs under v arious metrics. F ek ete et al. [8] presen ted

an appro ximation algorithm (for graphs satisfying triangle inequalit y) for computing

lo w-w eigh t spanning tree in whic h b ounds on the degree of eac h v ertex are individually

sp eci�ed.

The remainder of the pap er is organized as follo ws. Section 2 con tains de�nitions

and underlying assumptions related to the problem considered in this pap er, and a brief

outline of the algorithm. In Section 3, w e presen t our c harging sc heme. Section 4 con tains

presen t a brief o v erview of Chan's algorithm follo w ed b y our appro ximation analysis.

Finally , Section 5 con tains our concluding remarks and discusses some implications and

directions for future researc h.

2. Preliminaries

Let S = f ( x

1

; y

1

) ; ( x

2

; y

2

) ; : : : ; ( x

n

; y

n

) g b e a giv en set of p oin ts in the plane. Let G

b e the complete graph induced b y S with the w eigh t of an edge b et w een an y t w o p oin ts
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de�ned to b e the Euclidean distance b et w een them. The terms p oin ts, no des and v ertices

will b e used in terc hangeably in this pap er. Let j uv j denote the Euclidean distance b et w een

the p oin ts u and v . Let

6

AB C denote the angle formed at B b et w een the line segmen ts

AB and B C . Let T

min

b e an MST of G ro oted at one of its leaf no des. Let w ( T

min

)

denote its w eigh t. W e can assume that ev ery no de in T

min

has a degree of at most 5 as

there alw a ys exists a degree-5 MST for an y arbitrary collection of p oin ts in the plane [19].

Both Chan's algorithm as w ell as ours is a recursiv e pro cedure, whic h start with a

ro oted degree-5 MST T

min

as the initial tree T , and op erates in a top-do wn fashion.

Since the initial tree is ro oted at a leaf no de, ev ery no de but the ro ot will ha v e a paren t

and at most 4 c hildren. In eac h recursiv e step, the degree of a high degree no de v (with

more than 3 c hildren) is reduced b y p erforming lo cal c hanges around v . F or example,

let f v

1

; v

2

; v

3

; v

4

g b e the c hildren of v , whose curren t degree is 5 (including its paren t).

Then, v 's degree is reduced from 5 to 4 b y detac hing one of v 's c hild, sa y v

1

, from v and

attac hing it to another of v 's c hild, sa y v

2

. As a result, v

2

could no w ha v e at most 5

c hildren (at most 4 c hildren of its o wn, and \foster" c hild v

1

). Let x b e a c hild of no de

v in T . W e de�ne x to b e a biolo gic al c hild of v if x is a c hild of v in T

min

, else x is

v 's foster c hild. The algorithm pro ceeds in recursiv e fashion suc h that at an y instance, a

no de adopts at most one foster c hild from its paren t. F or instance, if v

2

has 4 biological

c hildren in addition to its foster c hild v

1

, then to reduce v

2

's degree from 6 (paren t plus

5 c hildren) to 4, v

2

will ha v e to o�-load t w o of its c hildren|one eac h to t w o out of

its remaining three c hildren. Th us, at an y instance, ev ery no de will ha v e at most one

foster c hild and at most 5 c hildren o v erall. Since the algorithm op erates in a top-do wn

fashion, starting from the ro oted leaf no de, and the lo cal c hanges around a no de alw a ys

propagates do wn the ro oted tree, it can b e easily v eri�ed that the �nal tree is a degree-4

MST.

The follo wing lemma, used in [4], pro vides an e�cien t w a y to b ound the minim um of

a set of v ariables.

Lemma 2.1 ([4]) If a

1

; : : : ; a

m

� 0 , then

min f a

1

x

1

; : : : ; a

m

x

m

g �

1

m

H.M. f a

1

; : : : ; a

m

g ( x

1

+ � � � + x

m

) ;

wher e H.M. denotes the Harmonic Me an, and x

1

: : : x

m

� 0 .

2.1. Str engthene d triangle ine quality

A standard metho d for decreasing the degree of no de B in a giv en tree T b y one

in v olv es deleting the edge B C that connects B to its c hild C and attac hing C to another

of B 's c hild A using edge AC (refer Fig. 2) The increase in the w eigh t of the tree after

suc h an in terc hange is j AC j � j B C j . In the follo wing lemma, w e pro v e an upp er b ound

on this increased w eigh t in terms of the angle enclosed b et w een j AB j and j B C j .

Lemma 2.2 ([4,14]) L et AB and B C b e two e dges incident on p oint B . L et j AB j �

j B C j and let � =

6

AB C . Then

j AC j � F ( � ) j AB j + j B C j

wher e F ( � ) =

p

2(1 � cos � ) � 1 = 2 sin

�

2

� 1 .

Pr o of. Let B

0

b e a p oin t on B C suc h that j B B

0

j = j AB j (see Fig. 1). Using trigonometry ,

4



�

A

C

B

0

B

Fig. 1. Str engthene d triangle ine quality

j AB

0

j =

p

j AB j

2

+ j B B

0

j

2

� 2 j AB j � j B B

0

j � cos �

=

p

j AB j

2

+ j AB j

2

� 2 j AB j � j AB j � cos � (since j B B

0

j = j AB j )

=

p

2(1 � cos � ) j AB j (1)

W e use the ab o v e equation along with the triangle inequalit y:

j AC j � j AB

0

j + j B

0

C j

= j AB

0

j + j B C j � j B B

0

j

= j AB

0

j + j B C j � j AB j ( since j B B

0

j = j AB j )

=

�

p

2(1 � cos � ) � 1

�

j AB j + j B C j (substituting (1))

Our lemma pro vides a b etter and precise b ound for the increase in the w eigh t of the

tree than just the triangle inequalit y . It can b e v eri�ed that j AC j � F ( � ) j AB j + j B C j �

j AB j + j B C j .

2.2. Bounds on e dge weights of an MST

W e no w pro v e that MST edges that in tersect at a no de, at an acute angle, force edge-

w eigh t constrain ts on eac h other. The follo wing lemma and its corollary are crucial in

ac hieving the required b ounds.

Lemma 2.3 L et AB and B C b e two e dges that interse ct at p oint B in an MST of set

of p oints in <

d

. L et � =

6

AB C . If � < 90

�

then,

2 j B C j cos � � j AB j �

j B C j

2 cos �

and 2 j AB j cos � � j B C j �

j AB j

2 cos �

Pr o of. Since AB and B C are MST edges, j AB j ; j B C j � j AC j . Let A

0

b e the midp oin t

of AB and let C

0

b e the midp oin t of B C (see Fig. 2). Let xx

0

and y y

0

b e p erp endicular

bisectors of B C and AB resp ectiv ely , passing through C

0

and A

0

. Since � < 90

�

, extending

the line segmen t AB a w a y from B will in tersect xx

0

, sa y at M . Note that p oin t A cannot

lie on the righ t-hand side of line xx

0

, since in that case j AB j > j AC j whic h con tradicts

the fact that edge AB w as c hosen o v er edge AC to b e an MST edge. Therefore j AB j �

5



x

A

0

B

M

A

y

y

0

x

0

�

C

C

0

Fig. 2. Bounds on e dge weights of an MST

j M B j =

j B C j

2 cos �

. Also, b y symmetry j B C j �

j AB j

2 cos �

. Com bining these inequalities yields

the lemma.

Corollary 2.1 L et AB and B C b e two e dges that interse ct at p oint B and let AB b e an

MST e dge and B C b e a non-MST e dge. L et � =

6

AB C . If � < 90

�

then,

2 j AB j cos � � j B C j �

j AB j

2 cos �

3. Charging sc heme

An easy w a y of reducing a no de's degree is b y remo ving one of the no de's inciden t

edges and in tro ducing a new edge to connect the disconnected no de to one of its siblings.

The question of whic h edge to remo v e, and to whic h c hild the disconnected no de is to

b e connected arises as there are sev eral di�eren t w a ys in whic h a no de's degree could b e

decreased. In our case, reducing the degree of no de V in v olv es lo cal c hanges around V ,

whic h do es not in v olv e V 's paren t P and the edge connect V to P (Fig. 3).

D

P

C

B

A

V

�

Fig. 3. R e ducing the de gr e e of no de V by tr ansferring one child to another.

Lemma 3.1 L et V b e a de gr e e-5 no de in an MST T of a set of p oints in <

2

. L et P b e

its p ar ent and A; B ; C ; and D b e its childr en. L et the de gr e e of V b e de cr e ase d fr om 5 to

4 by r eplacing B V by AB , wher e j AV j � j B V j (as shown in Fig. 3). L et

6

AV B = � .

L et k of V 's childr en b e at a distanc e of j AV j or mor e fr om V . Then, the incr e ase in the

weight of the tr e e is at most

F ( � )

k

�

j AV j + j B V j + j C V j + j D V j

�
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Pr o of. The increase in w eigh t of replacing B V b y AB is j AB j � j B V j . Since j AV j � j B V j

and V has four c hildren, w e see that 2 � k � 4. Since V has at least k c hildren at distance

j AV j or more, j AV j �

1

k

( j AV j + j B V j + j C V j + j D V j ). By Lemma 2.2, j AB j � j B V j �

F ( � ) j AV j �

F ( � )

k

( j AV j + j B V j + j C V j + j D V j ).

Therefore, the increase in w eigh t due to lo cal transformations around V can b e \c harged"

to the k edges from V to its c hildren. Suc h a c harging sc heme w ould c harge eac h of these

k edges b y at most

1

k

F ( � ) times their length. In order to sho w that there exists a degree-4

spanning tree of length at most 1.1381, (

p

2 + 2) = 2 to b e exact, times the length of an

MST, w e need to sho w that (i) eac h edge X Y in the MST, the initial tree with whic h w e

b egin with, is c harged no more than (

p

2 + 2) j X Y j = 2 of its length, and (ii) none of the

non-MST edges that are in tro duced during the course of the algorithm are c harged.

4. Degree-4 spanning trees

W e �rst giv e a brief o v erview of Chan's degree-4 spanning tree algorithm [4] b efore

pro ceeding to its appro ximation analysis.

4.1. Overview of Chan 's algorithm

Chan's algorithm recursiv ely transforms the ro oted tree T in to a new degree-4 spanning

tree with the inductiv e h yp othesis that the ro ot v of tree T has degree 3 in the new tree.

It should b e noted here that Kh uller et al.'s [15] approac h is v ery similar except that

their induction h yp othesis w as stronger allo wing ro ot v to ha v e degree of only 2 in the

new tree.

Let � = 1 : 143. Let T and T

0

b e t w o subtrees, of an original MST, ro oted at v and

v

0

, resp ectiv ely . Let T - T

0

b e a tree obtained b y making v

0

a foster c hild of v . Chan's

algorithm recursiv ely transforms T - T

0

to a new tree suc h that v has at most 3 c hil-

dren in the new tree and the new tree has w eigh t at most j v v

0

j + � ( w ( T ) + w ( T

0

)). His

algorithm basically c ho oses a con v enien t p erm utation v

1

; : : : ; v

k +1

of the c hildren of v in

T , including v 's foster c hild v

0

(with T

1

; : : : ; T

k +1

b eing their corresp onding subtrees) for

transformation. Giv en b elo w is Chan's algorithm, with its pictorial illustration in Fig. 4,

in whic h the base case is omitted.

{ If k � 2, then transform T

1

; : : : ; T

k +1

recursiv ely and k eep the edges v v

1

; : : : ; v v

k +1

.

{ If k = 3, then transform T

1

- T

2

; T

3

and T

4

recursiv ely and k eep the edges v v

1

; v v

3

; v v

4

(Fig. 4a). The extra w eigh t due to the transformation is j v

1

v

2

j � j v v

2

j and the w eigh t

of the new tree is at most j v v

1

j + j v

1

v

2

j + j v v

3

j + j v v

4

j + �

P

4

i =1

w ( T

i

).

{ If k = 4, then transform T

1

- T

2

; T

3

- T

4

and T

5

and k eep the edges v v

1

; v v

3

; v v

5

(Fig. 4b). The extra w eigh t due to the transformation is j v

1

v

2

j � j v v

2

j + j v

3

v

4

j � j v v

4

j and

the w eigh t of the new tree is at most j v v

1

j + j v

1

v

2

j + j v v

3

j + j v

3

v

4

j + j v v

5

j + �

P

5

i =1

w ( T

i

).

Chan sho ws that there alw a ys exists a p erm utation with extra w eigh t at most ( � �

1)

P

v

i

6= v

0

j v v

i

j for k = 3 and k = 4. The follo wing are the ratios he w as able to obtain

for eac h case of his algorithm.

{ Case k = 3 . Appro ximation ratio � (

p

2 + 2) = 3 < 1 : 1381.

{ Case k = 4 . Appro ximation ratio < 1 : 143
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(a)

(b)
recurse

recurse

recurse

recurse

recurserecurse

T

2

T

3

v

T

4

T

2

T

3

v

T

4

v

T

1

T

2

T

3

T

4

T

5

v

T

1

T

2

T

3

T

4

T

5

v

1

v

1

v

1

v

1

v

2

v

2

v

2

v

3

v

3

v

3

v

3

v

4

v

4

v

4

v

5

v

5

v

2

v

4

T

1

T

1

Fig. 4. Chan 's algorithm for de gr e e-4 sp anning tr e es (a) k = 3 . After the tr ansformation, v

2

b e c omes

v

1

's foster child (b) k = 4 . After the tr ansformation, v

2

and v

4

b e c ome foster childr en of v

1

and v

3

,

r esp e ctively.

F or more details and analysis of his algorithm, w e refer the reader to [4]. Chan's

algorithm runs in O ( n ) time, if an MST is giv en as input, and in O ( n log n ) time otherwise.

4.2. A tighter analysis

Chan sho w ed that for k � 3, the ratio is b ounded b y (

p

2 + 2) = 3 < 1 : 1381. W e impro v e

Chan's ratio of 1 : 143 b y pro viding a tigh ter analysis for the case k = 4, for whic h his

analysis is tigh t. As p er his induction h yp othesis, v has a total of at most 5 c hildren

( k = 4 biological c hildren and at most 1 foster c hild). In essence, our ob jectiv e is to

reduce the degree of v from 5 to 3 (degree induced on v b y its paren t is excluded, but

coun ts in the �nal solution whic h mak es v 's degree to b e 4). The algorithm reduces v 's

degree from 5 to 3 b y p erforming lo cal c hanges around v .

T o understand our analysis in a n utshell, consider Fig. 5 with v b eing the no de whose

degree w e wish to reduce from 5 to 3, no des v

1

; v

2

; v

3

; v

4

b eing v 's biological c hildren, and

v

0

b eing v 's foster c hild. Supp ose

6

v

1

v v

0

= �

5

� 60

�

(this is p ossible as v v

0

is a non-MST

edge). Sa y , Chan's algorithm considers a transformation whic h in v olv es replacing edges

v v

0

with v

1

v

0

and, sa y , v v

4

with v

3

v

4

. While Chan's analysis w ould directly c harge the

extra w eigh t inolv ed in suc h a transformation to the MST edges in v olv ed, our analysis

pro ceeds b y calculating the p oten tial sa vings due to the replacemen t of edge v v

0

b y v

1

v

0

(b ecause MST edge v v

1

� non-MST edge v

1

v

0

and as a result

6

v v

0

v

1

� �

5

� 60

�

, whic h

mak es v v

0

� v

1

v

0

� v v

1

) and use it to absorb part of the extra c harge incurred due to

8



the other replacemen t ( v v

4

! v

3

v

4

). Giv en b elo w is our analysis for the case k = 4. T o

mak e the description easier, w e in tro duce a function called \Reduce".

Reduce( v ; x; y ) : Let v x and v y b e t w o edges inciden t on p oin t v . Reduce( v ; x; y )

replaces the edge max f v x; v y g b y xy . In simple terms, v 's degree is reduced b y 1 as

the result of suc h a transformation.

v

4

v

3

v

1

v

0

x

3

x

2

x

1

x

5

x

4

v

2

�

3

�

1

�

5 �

4

�

2

v

Fig. 5. Notation for k = 4 analysis.

Let v

1

; v

2

; v

3

; v

4

b e the biological c hildren of v in T and let v

0

b e the foster c hild of v .

Let v and its c hildren b e placed as sho wn in Fig. 5. Let j v v

1

j = x

1

; j v v

2

j = x

2

; j v v

3

j =

x

3

; j v v

4

j = x

4

; j v v

0

j = x

5

; �

1

=

6

v

1

v v

2

; �

2

=

6

v

2

v v

3

; �

3

=

6

v

3

v v

4

; �

4

=

6

v

4

v v

0

and

�

5

=

6

v

0

v v

1

. Since v v

1

; v v

2

; v v

3

and v v

4

are MST edges, �

1

; �

2

; �

3

; �

4

+ �

5

� 60

�

. Also,

max f �

1

; �

2

; �

3

; �

4

+ �

5

g � 120

�

considering the fact that one other MST edge, connecting

v to its paren t exists (not sho wn in �gure). W e consider three cases (the missing one

is symmetric). Although the follo wing case-b y-case analysis ma y seem cum b ersome, the

basic idea b ehind the impro v emen t of Chan's ratio is to utilize p oten tial sa vings resulting

from replacing the longer edge connecting the foster c hild v v

0

(Fig. 5) with a shorter edge

v

1

v

0

(when �

5

� 60

�

and �

4

� 60

�

) or v

4

v

0

(when �

4

� 60

�

and �

5

� 60

�

). It is this sa vings

that helps reduce the ratio from 1.143 to (

p

2 + 2) = 3 < 1 : 1381. W e later sho w that this

ratio is tigh t for an y algorithm that emplo ys just lo cal c hanges, and that this ratio cannot

b e impro v ed unless a more global approac h is considered.

Case 1: �

4

� 60

�

and �

5

� 60

�

. Handled the same w a y as in Chan's algorithm. F or

details, w e refer the reader to [4]. Extra w eigh t in v olv ed is b ounded b y 0 : 1331.

Case 2: �

4

� 60

�

and �

5

� 60

�

. Since �

5

� 60

�

, ob viously x

1

� x

5

(otherwise j v

0

v

1

j <

j v v

1

j , whic h con tradicts the fact that v v

1

w as c hosen o v er v

0

v

1

to b e an MST edge).

Case 2.1: �

1

� 120

�

or �

4

+ �

5

� 120

�

.

Call Reduce( v ; v

1

; v

0

). Since �

5

� 60

�

, no extra w eigh t is incurred due to the call.

By Lemma 2.2, w e ha v e p erm utations with extra w eigh t b ounded b y

F ( �

2

) min f x

2

; x

3

g ; F ( �

3

) min f x

3

; x

4

g :

Th us, the minim um extra w eigh t is at most the smaller of the follo wing v alues:

F ( �

2

) x

2

; min f F ( �

2

) ; F ( �

3

) g x

3

; F ( �

3

) x

4

:

By Lemma 2.1, the minim um of these quan tities is at most

1

3

H.M. f F ( �

2

) ; min f F ( �

2

) ; F ( �

3

) g ; F ( �

3

) g ( x

2

+ x

3

+ x

4

) :

9



Since �

2

+ �

3

� 180

�

, the ab o v e co e�cien t is b ounded b y

1

3

F (90

�

) = (

p

2 + 2) = 3 <

0 : 1381.

Case 2.2: �

2

� 120

�

(Case �

3

� 120

�

is symmetric).

Case 2.2.1: x

3

or x

4

is the smallest among f x

1

; x

2

; x

3

; x

4

g .

{ If �

3

� 101 : 8

�

, then call Reduce( v ; v

1

; v

0

). Since �

5

� 60

�

, no extra w eigh t

is incurred due to the call. Call Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra

w eigh t F ( �

3

) min f x

3

; x

4

g is c harged to f v v

1

; v v

2

; v v

3

; v v

4

g and is b ounded

b y 0 : 1381( x

1

+ x

2

+ x

3

+ x

4

).

{ Else if max f x

1

; x

2

; x

4

g 6= x

4

, then c ho ose �

1

and �

4

. Note that �

1

+ �

4

+ �

5

�

138 : 2

�

. Call Reduce( v ; v

1

; v

2

) and Reduce( v ; v

4

; v

0

). By Lemma 3.1, if �

4

�

69 : 36

�

, extra w eigh ts F ( �

1

) min f x

1

; x

2

g and F ( �

4

) min f x

4

; x

5

g are c harged

to f v v

1

; v v

2

g and f v v

4

g resp ectiv ely , else extra w eigh ts F ( �

1

) min f x

1

; x

2

g

and F ( �

4

) min f x

4

m; x

5

g are c harged to min f v v

1

; v v

2

g and f max f v v

1

; v v

2

g ; v v

4

g

resp ectiv ely .

{ Else (max f x

1

; x

2

; x

4

g = x

4

) if �

4

� 69 : 36

�

, then call Reduce( v ; v

1

; v

2

) and

Reduce( v ; v

4

; v

5

). Since, �

1

+ �

4

+ �

5

� 138 : 2

�

and �

1

; �

4

� 60

�

, b y Lemma 3.1,

extra w eigh ts of at most F (78 : 2

�

) min f x

1

; x

2

g and F (69 : 36

�

) min f x

4

; x

5

g are

c harged to f v v

1

; v v

2

g and f v v

4

g , resp ectiv ely , and is b ounded b y 0 : 1381( x

1

+

x

2

+ x

4

).

{ Else �

5

� 8 : 84

�

. Hence �

1

+ �

5

� 68 : 84

�

and �

4

+ �

5

� 78 : 2

�

. Call Reduce( v ; v

2

; v

0

)

and Reduce( v ; v

1

; v

4

). By Lemma 3.1, extra w eigh ts F ( �

1

+ �

5

) min f x

2

; x

5

g

and F ( �

4

+ �

5

) min f x

1

; x

4

g are c harged to f v v

2

g and f v v

1

; v v

4

g , resp ectiv ely ,

and is b ounded b y 0 : 1381( x

1

+ x

2

+ x

4

).

Case 2.2.2: x

3

or x

4

is the second smallest among f x

1

; x

2

; x

3

; x

4

g .

{ If �

3

� 90

�

, then call Reduce( v ; v

1

; v

0

). Since �

5

� 60

�

, no extra w eigh t is

incurred due to the call. Call Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra w eigh t

F ( �

3

) min f x

3

; x

4

g is c harged to f v v

3

; v v

4

g and the longest of f v v

1

; v v

2

g , and

is b ounded b y 0 : 1381( x

1

+ x

2

+ x

3

+ x

4

).

{ Else �

1

+ �

4

+ �

5

� 150

�

and hence �

5

� 30

�

.

� If x

1

= min f x

1

; x

2

g , w.l.o.g. let x

2

� x

4

. Since min f �

1

; �

4

+ �

5

g �

240

�

� �

3

2

�

, b y Lemma 2.3, x

1

� 2 x

2

cos (

240

�

� �

3

2

). Call Reduce( v ; v

1

; v

0

).

Since �

5

� 30

�

, no extra w eigh t is incurred due to the call. Also,

since v v

1

is an MST edge, x

5

> x

1

and th us, b y Corollary 2.1, x

5

�

2 x

1

cos �

5

. j v v

0

j � j v

1

v

0

j results in sa vings of at least (2 cos �

5

� 1) x

1

>

0 : 7 x

1

(since �

5

� 30

�

). Let T

bef or e

b e the subtree induced b y no des

v ; v

1

; v

2

; v

3

; v

4

and v

0

and let T

af ter

b e the subtree induced b y no des

v ; v

1

; v

2

; v

3

and v

4

. Clearly , as p er our argumen t ab o v e, the w eigh t of

T

af ter

is (2 cos �

5

� 1) x

1

less than that of T

bef or e

. Since our goal is

to b ound the extra w eigh t, incurred during lo cal transformations, to

within 0.1381 times the MST w eigh t, as p er our c harging p olicy , ev ery

MST edge e can b e c harged an extra w eigh t of 0 : 1381 e . The sa vings

obtained, due to the transformation from T

bef or e

to T

af ter

, is equiv a-

len t to ha ving atleast

2 cos 30

�

� 1

0 : 1381

extra v v

1

edges, eac h of whic h can b e

c harged 0 : 1381 x

1

. In other w ords, it is as if w e ha v e at least an addi-

tional (

2 cos 30

�

� 1

0 : 1381

) v v

1

to c harge. Call Reduce( v ; v

3

; v

4

). By Lemma 3.1,

extra w eigh t F ( �

3

) min f x

3

; x

4

g is c harged to f v v

1

; v v

2

; v v

3

; v v

4

g and

10



(

2 cos 30

�

� 1

0 : 1381

) v v

1

, and is giv en b y

F ( �

3

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 30

�

� 1

0 : 1381

x

1

)

3 + 2 cos (

240

�

� �

3

2

)

�

1 +

2 cos 30

�

� 1

0 : 1381

�

whic h is b ounded b y 0 : 079( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 30

�

� 1

0 : 1381

x

1

).

� Else ( x

1

6= min f x

1

; x

2

g ) the analysis pro ceeds in the same w a y as done

in the previous step, except that the extra w eigh t F ( �

3

) min f x

3

; x

4

g

is c harged to f v v

1

; v v

3

; v v

4

g and (

2 cos 30

�

� 1

0 : 1381

) v v

1

, and is giv en b y

F ( �

3

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 30

�

� 1

0 : 1381

x

1

)

3 +

1

0 : 1381

(2 cos 30

�

� 1)

whic h is b ounded b y 0 : 048( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 30

�

� 1

0 : 1381

x

1

).

Case 2.2.3: x

3

; x

4

� x

1

; x

2

.

{ If �

3

� 79 : 29

�

, Call Reduce( v ; v

1

; v

0

). Since �

5

� 60

�

, no extra w eigh t

is incurred due to the call. Call Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra

w eigh t F ( �

3

) min f x

3

; x

4

g is c harged to f v v

3

g and f v v

4

g , and is b ounded b y

0 : 1381( x

3

+ x

4

).

{ Else if �

4

� 69 : 36

�

and �

1

� 90

�

, then call Reduce( v ; v

4

; v

5

) and Reduce( v ; v

1

; v

2

).

By Lemma 3.1, extra w eigh ts F ( �

4

) min f x

4

; x

5

g and F ( �

1

) min f x

1

; x

2

g are

c harged to v v

4

and f v v

1

; v v

2

; v v

3

g , resp ectiv ely , and is b ounded b y 0 : 1381( x

2

+

x

2

+ x

3

+ x

4

).

{ Else if �

4

� 69 : 36

�

and �

1

> 90

�

, then �

5

� 10 : 71

�

and 60

�

� �

4

+ �

5

�

70 : 71

�

. Since �

2

+ �

4

+ �

5

= 360

�

� �

1

� �

3

� 190 : 71

�

, b y Lemma 2.3, x

1

�

2 x

4

cos (190 : 71

�

� �

2

). Call Reduce( v ; v

1

; v

0

). Since �

5

� 10 : 71

�

, no extra

w eigh t is incurred due to the call. Also, since v v

1

is an MST edge, x

5

> x

1

and th us, b y Corollary 2.1, x

5

� 2 x

1

cos �

5

. j v v

0

j � j v

1

v

0

j results in sa vings

of at least (2 cos �

5

� 1) x

1

> 0 : 96 x

1

(since �

5

� 10 : 71

�

). In other w ords,

it is as if w e ha v e at least an additional (

2 cos 10 : 71

�

� 1

0 : 1381

) v v

1

to c harge. Call

Reduce( v ; v

2

; v

3

). By Lemma 3.1, extra w eigh t F ( �

2

) min f x

2

; x

3

g is c harged

to f v v

1

; v v

2

; v v

3

; v v

4

g and (

2 cos 10 : 71

�

� 1

0 : 1381

) v v

1

, and is giv en b y

F ( �

2

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 10 : 71

�

� 1

0 : 1381

x

1

)

3 + 2 cos (190 : 71

�

� �

2

)

�

1 +

2 cos 10 : 71

�

� 1

0 : 1381

�

whic h is b ounded b y 0 : 089( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 10 : 71

�

� 1

0 : 1381

x

1

).

{ Else ( �

4

> 69 : 36

�

) �

5

� 31 : 35

�

.

� If �

5

� 11

�

, then since �

1

+ �

4

+ �

5

= 360

�

� �

3

� �

2

� 280 : 71

�

� �

2

and

x

2

� x

4

, b y Lemma 2.3, x

1

� 2 x

2

cos (

280 : 71

�

� �

2

2

). Call Reduce( v ; v

1

; v

0

).

Since �

5

� 11

�

, no extra w eigh t is incurred due to the call. Also,

since v v

1

is an MST edge, x

5

> x

1

and th us, b y Corollary 2.1, x

5

�

2 x

1

cos �

5

. j v v

0

j � j v

1

v

0

j results in sa vings of at least (2 cos �

5

� 1) x

1

>

0 : 96 x

1

(since �

5

� 11

�

). In other w ords, it is as if w e ha v e at least an

additional (

2 cos 11

�

� 1

0 : 1381

) v v

1

to c harge. Call Reduce( v ; v

2

; v

3

). By Lemma 3.1,

extra w eigh t F ( �

2

) min f x

2

; x

3

g is c harged to f v v

1

; v v

2

; v v

3

; v v

4

g and

(

2 cos 11

�

� 1

0 : 1381

) v v

1

, and is giv en b y
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F ( �

2

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 11

�

� 1

0 : 1381

x

1

)

3 + 2 cos (

280 : 71

�

� �

2

2

)

�

1 +

2 cos 11

�

� 1

0 : 1381

�

whic h is b ounded b y 0 : 13( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 11

�

� 1

0 : 1381

x

1

).

� Else if 11

�

< �

5

� 25

�

, then since �

1

= 360

�

� �

2

� �

3

� �

4

�

�

5

� 200 : 35 � �

2

, b y Lemma 2.3, x

1

� 2 x

2

cos (200 : 35

�

� �

2

). Call

Reduce( v ; v

1

; v

0

). Since �

5

� 25

�

, no extra w eigh t is incurred due

to the call. Also, since v v

1

is an MST edge, x

5

> x

1

and th us, b y

Corollary 2.1, x

5

� 2 x

1

cos �

5

. j v v j

0

� j v

1

v

0

j results in sa vings of at

least (2 cos �

5

� 1) x

1

> 0 : 8 x

1

(since �

5

� 25

�

). In other w ords, it is

as if w e ha v e at least an additional (

2 cos 25

�

� 1

0 : 1381

) v v

1

to c harge. Call

Reduce( v ; v

2

; v

3

). By Lemma 3.1, extra w eigh t F ( �

2

) min f x

2

; x

3

g is

c harged to v v

1

; v v

2

; v v

3

; v v

4

and (

2 cos 25

�

� 1

0 : 1381

) v v

1

, and is giv en b y

F ( �

2

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 25

�

� 1

0 : 1381

x

1

)

3 + 2 cos (200 : 35

�

� �

2

)

�

1 +

2 cos 25

�

� 1

0 : 1381

�

whic h is b ounded b y 0 : 138( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 25

�

� 1

0 : 1381

x

1

).

� Else (25

�

< �

5

� 31 : 35

�

), since �

1

= 360

�

� �

2

� �

3

� �

4

� �

5

� 186 : 35 �

�

2

, b y Lemma 2.3, x

1

� 2 x

2

cos (186 : 35

�

� �

2

). Call Reduce( v ; v

1

; v

0

).

Since �

5

� 31 : 25

�

, no extra w eigh t is incurred due to the call. Also,

since v v

1

is an MST edge, x

5

> x

1

and th us x

5

� 2 x

1

cos �

5

. j v v

0

j �

j v

1

v

0

j results in sa vings of at least (2 cos �

5

� 1) x

1

> 0 : 7 x

1

(since

�

5

� 31 : 35

�

). In other w ords, it is as if w e ha v e at least an additional

(

2 cos 31 : 35

�

� 1

0 : 1381

) v v

1

to c harge. Call Reduce( v ; v

2

; v

3

). By Lemma 3.1,

extra w eigh t F ( �

2

) min f x

2

; x

3

g is c harged to f v v

1

; v v

2

; v v

3

; v v

4

g and

(

2 cos 31 : 35

�

� 1

0 : 1381

) v v

1

, and is giv en b y

F ( �

2

)( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 31 : 35

�

� 1

0 : 1381

x

1

)

3 + 2 cos (186 : 35

�

� �

2

)

�

1 +

2 cos 31 : 35

�

� 1

0 : 1381

�

whic h is b ounded b y 0 : 1( x

1

+ x

2

+ x

3

+ x

4

+

2 cos 31 : 35

�

� 1

0 : 1381

x

1

).

Case 3: �

4

� 60

�

and �

5

� 60

�

.

Case 3.1: �

5

� 69 : 36

�

(Case �

4

� 69 : 36

�

is symmetric).

Call Reduce( v ; v

1

; v

0

). By Lemma 3.1, extra w eigh t F ( �

5

) min f x

1

; x

5

g is c harged

to v v

1

and is b ounded b y 0 : 1381 x

1

. By Lemma 2.2, w e ha v e p erm utations with extra

w eigh t b ounded b y

F ( �

2

) min f x

2

; x

3

g ; F ( �

3

) min f x

3

; x

4

g :

By Lemma 2.1, the minim um of these quan tities is at most

1

3

H.M. f F ( �

2

) ; min f F ( �

2

) ; F ( �

3

) g ; F ( �

3

) g ( x

2

+ x

3

+ x

4

) :

Since �

2

+ �

3

� 180

�

, the ab o v e co e�cien t is b ounded b y

1

3

f (90

�

) = (

p

2 + 2) = 3 <

0 : 1381.
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Case 3.2: �

4

+ �

5

> 138 : 72

�

. W.l.o.g., let x

1

� x

4

.

Case 3.2.1: �

5

� 79 : 29

�

.

{ If �

2

� 79 : 29

�

, then call Reduce( v ; v

1

; v

5

) and Reduce( v ; v

2

; v

3

). By Lemma 3.1,

extra w eigh ts F ( �

5

) x

1

and F ( �

2

) min f x

2

; x

3

g are c harged to f v v

1

; v v

4

g and

f v v

2

; v v

3

g , resp ectiv ely , and is b ounded b y 0 : 1381( x

1

+ x

2

+ x

3

+ x

4

).

{ Else �

1

+ �

3

� 141 : 99

�

.

� If �

1

; �

3

� 79 : 29

�

, then call Reduce( v ; v

1

; v

2

) and Reduce( v ; v

3

; v

4

). By

Lemma 3.1, extra w eigh ts F ( �

1

) min f x

1

; x

2

g and F ( �

3

) min f x

3

; x

4

g

are c harged to f v v

1

; v v

2

g and f v v

3

; v v

4

g , resp ectiv ely , and is b ounded

b y 0 : 1381( x

1

+ x

2

+ x

3

+ x

4

).

� Else �

1

+ �

3

� 139 : 29

�

and �

2

� 81 : 99

�

. W.l.o.g., let �

3

> 79 : 29

�

.

Then �

1

= 360

�

� �

2

� �

3

� ( �

4

+ �

4

) � 360

�

� 79 : 29

�

� 79 : 29

�

�

(138 : 72

�

) = 62 : 7

�

and �

2

+ �

3

= 360

�

� �

1

+ ( �

4

+ �

5

) � 360

�

� 60

�

�

(138 : 72

�

) = 161 : 28

�

. Call Reduce( v ; v

1

; v

2

) and Reduce( v ; v

3

; v

4

). By

Lemma 3.1, extra w eigh t F ( �

1

) min f x

1

; x

2

g is c harged to f v v

1

g and is

b ounded b y 0 : 05 x

1

and extra w eigh t F ( �

3

) min f x

3

; x

4

g is c harged to

f v v

2

; v v

3

; v v

4

g and is giv en b y

F ( �

3

)( x

2

+ x

3

+ x

4

)

2 + 2 cos (161 : 28

�

� �

3

)

whic h is b ounded b y 0 : 132( x

2

+ x

3

+ x

4

).

Case 3.2.2: �

5

> 79 : 29

�

.

{ If �

1

; �

3

� 79 : 29

�

, then call Reduce( v ; v

1

; v

2

) and Reduce( v ; v

3

; v

4

). By

Lemma 3.1, extra w eigh ts F ( �

1

) min f x

1

; x

2

g and F ( �

3

) min f x

3

; x

4

g are c harged

to f v v

1

; v v

2

g and f v v

3

; v v

4

g , resp ectiv ely , and is b ounded b y 0 : 1381( x

1

+

x

2

+ x

3

+ x

4

).

{ Else �

1

+ �

3

> 139 : 29

�

. W.l.o.g., let �

3

> 79 : 29

�

. Then �

1

= 360

�

� ( �

2

+

�

3

) + �

4

+ �

5

= 360

�

� (139 : 29

�

) � 69 : 36

�

� 79 : 29

�

� 72 : 06

�

.

� If 69 : 36

�

< �

1

� 71 : 06

�

( �

2

+ �

3

� 141 : 99

�

), then call Reduce( v ; v

1

; v

2

)

and Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra w eigh t F ( �

1

) min f x

1

; x

2

g

is c harged to f v v

1

g and a third of f v v

2

g and is giv en b y

F ( �

1

)( x

1

+

1

3

x

2

)

4 = 3

whic h is b ounded b y 0 : 135( x

1

+

1

3

x

2

). Again b y Lemma 3.1, extra

w eigh t F ( �

3

) min f x

3

; x

4

g is c harged to f v v

3

; v v

4

g and t w o thirds of

f v v

2

g and is giv en b y

F ( �

3

)(

2

3

x

1

+ x

3

+ x

4

)

2 + 2 cos (141 : 99

�

� �

3

) �

2

3

whic h is b ounded b y 0 : 12(

2

3

x

2

+ x

3

+ x

4

).

� Else if 61 : 35

�

< �

1

� 69 : 36

�

( �

2

+ �

3

� 150

�

), then call Reduce( v ; v

1

; v

2

)

and Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra w eigh t F ( �

1

) min f x

1

; x

2

g

is c harged to f v v

1

g and is b ounded b y 1 : 1381 x

1

and extra w eigh t

F ( �

3

) min f x

3

; x

4

g is c harged to f v v

2

; v v

2

; v v

3

g and is giv en b y
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F ( �

3

)( x

2

+ x

3

+ x

4

)

2 + 2 cos (150

�

� �

3

)

whic h is b ounded b y 0 : 1381( x

1

+ x

2

+ x

3

).

� Else ( �

1

� 61 : 35

�

) �

2

+ �

3

� 151 : 35

�

. Call Reduce( v ; v

1

; v

2

) and

Reduce( v ; v

3

; v

4

). By Lemma 3.1, extra w eigh t F ( �

1

) min f x

1

; x

2

g is

c harged to one �fth of f v v

1

g and is giv en b y

F ( �

1

)(

1

5

x

1

)

1 = 5

whic h is b ounded b y 0 : 102(

1

5

x

1

). Again b y Lemma 3.1, extra w eigh t

F ( �

3

) min f x

3

; x

4

g is c harged f v v

2

; v v

3

; v v

4

g and four �fths of f v v

1

g ,

and is giv en b y

F ( �

3

)(

4

5

x

1

+ x

2

+ x

3

+ x

4

)

2 + 2 cos (151 : 35

�

� �

3

) + 2 cos 61 : 35

�

(2 cos (151 : 35

�

� �

3

)) �

4

5

whic h is b ounded b y 0 : 12(

4

5

x

1

+ x

2

+ x

3

+ x

4

)

F or con v enience, w e used 0 : 1381 instead of (

p

2 � 1) = 3, wherev er it w as used. The

follo wing theorem follo ws from the fact that the ratio is b ounded b y (

p

2 + 2) = 3 < 1 : 1381

in all cases.

Theorem 4.1 F or any arbitr ary c ol le ction of p oints in the Euclide an plane, ther e always

exists a de gr e e-4 sp anning tr e e of weight at most (

p

2 + 2) = 3 times the weight of an MST.

5. Conclusion

By presen ting an impro v ed appro ximation analysis for Chan's degree-4 MST algorithm,

w e sho w ed that, for an y arbitrary collection of p oin ts, there alw a ys exists a degree-4 span-

ning tree of w eigh t at most (

p

2 + 2) = 3 < 1 : 1381 times the w eigh t of an MST. Our ratio

for degree-4 spanning trees cannot b e impro v ed unless a more global approac h is consid-

ered, instead of just the lo cal c hanges that w e considered in this pap er, as there exists

placemen t of p oin ts for the case k = 3 (see Fig. 6), suc h that doing lo cal c hanges alone

do es not reduce the ratio. There exists degree-4 and degree-3 trees (regular p en tagon

and square with an extra p oin t at the cen ter) whose w eigh ts are at most

2 sin 36

�

+4

5

and

p

2+3

4

times the w eigh t of an MST [8], resp ectiv ely . It should b e in teresting to see whether

b etter appro ximation algorithms can b e dev elop ed to ac hiev e ratios an ywhere close to

these lo w er b ounds.

Conjecture 5.1 F or any arbitr ary c ol le ction of p oints in the Euclide an plane, we c on-

je ctur e that ther e exists a p olynomial time algorithm that �nds a de gr e e-3 sp anning tr e e

of weight at most

p

3+1

2

< 1 : 36603 times the weight of an MST.

Ac kno wledgmen ts. W e thank R.Chandrasek aran and Ovidiu Daescu for useful discus-

sions. W e also thank Timoth y Chan for v aluable commen ts on a preliminary v ersion of

this pap er.
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