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Abstract. Given an undirected graph G = (V, E) with nonnegative costs on its edges, a root node
r ∈ V , a set of demands D ⊆ V with demand v ∈ D wishing to route w(v) units of flow (weight)
to r , and a positive number k, the Capacitated Minimum Steiner Tree (CMStT) problem asks for a
minimum Steiner tree, rooted at r , spanning the vertices in D ∪ {r}, in which the sum of the vertex
weights in every subtree connected to r is at most k. When D = V , this problem is known as the
Capacitated Minimum Spanning Tree (CMST) problem. Both CMsT and CMST problems are NP-hard.
In this article, we present approximation algorithms for these problems and several of their variants
in network design. Our main results are the following:

—We present a (γρST + 2)-approximation algorithm for the CMStT problem, where γ is the inverse
Steiner ratio, and ρST is the best achievable approximation ratio for the Steiner tree problem. Our
ratio improves the current best ratio of 2ρST + 2 for this problem.

—In particular, we obtain (γ +2)-approximation ratio for the CMST problem, which is an improvement
over the current best ratio of 4 for this problem. For points in Euclidean and rectilinear planes, our
result translates into ratios of 3.1548 and 3.5, respectively.

—For instances in the plane, under the L p norm, with the vertices in D having uniform weights, we
present a nontrivial ( 7

5 ρST + 3
2 )-approximation algorithm for the CMStT problem. This translates

into a ratio of 2.9 for the CMST problem with uniform vertex weights in the L p metric plane. Our
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ratio of 2.9 solves the long-standing open problem of obtaining any ratio better than 3 for this
case.

—For the CMST problem, we show how to obtain a 2-approximation for graphs in metric spaces
with unit vertex weights and k = 3, 4.

—For the budgeted CMST problem, in which the weights of the subtrees connected to r could be up
to αk instead of k (α ≥ 1), we obtain a ratio of γ + 2

α
.

Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Complexity]: Non-
numerical Algorithms and Problems; G.2.1 [Discrete Mathematics]: Combinatorics; G.2.2 [Discrete
Mathematics]: Graph Theory

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Spanning trees, minimum spanning trees, approximation algo-
rithms, network design

1. Introduction

In this article, we consider the Capacitated Minimum Steiner Tree (CMStT) prob-
lem, one of the extensively studied network design problems in telecommunica-
tions [Amberg et al. 1996; Voß 2001]. The CMStT problem can formally be defined
as follows:

CMStT: Given an undirected graph G = (V, E) with nonnegative costs
on its edges, a root node r ∈ V , a set of demands D ⊆ V with demand
v ∈ D wishing to route w(v) units of flow (weight) to r , and a positive
number k, the Capacitated Minimum Steiner Tree (CMStT) problem asks
for a minimum Steiner tree, rooted at r , spanning the vertices in D ∪{r},
in which the sum of the vertex weights in every subtree connected to r
is at most k.

For the CMStT problem, the capacity constraint k must be at least as much as
the largest vertex weight in order to be able to find a feasible solution. Since the
case with k = ∞ is the minimum Steiner tree problem, which is NP-hard, the
CMStT problem is NP-hard. When D = V , the CMStT problem is the well-known
Capacitated Minimum Spanning Tree (CMST) problem. The CMST problem is NP-
hard [Garey and Johnson 1979; Papadimitriou 1978] even for the case when vertices
have unit weights and k = 3. The problem is polynomial-time solvable if all vertices
have unit weights and k = 2 [Garey and Johnson 1979]. The problem can also be
solved in polynomial time if vertices have 0,1 weights and k = 1, but remains
NP-hard if vertices have 0,1 weights, k = 2, and all edge lengths are 0 or 1 [Garey
and Johnson 1979]. Even the geometric version of the problem, in which the edge
costs are defined to be the Euclidean distance between the vertices they connect,
remains NP-hard.

In telecommunication network design, the CMST problem is that of designing
a minimum-cost tree network by installing expensive (such as fiber-optic) cables
along its edges. The cables have prespecified capacities on the amount of demand
they can handle, and can be bought at a certain cost per unit length. Every source
node in the network has some demand that it has to transmit to the sink node. The
objective is to construct a minimum-cost tree network for simultaneous routing of
demands from the source nodes to the sink node.

A generalization of the CMStT problem is the Single Sink Buy-at-Bulk (SSBB)
problem in which we are given the option of using l different cable types, instead of
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just one [Salman et al. 1997]. Each cable has a different capacity constraint and the
cost of the cables obeys “economy of scale.” One major difference is that there is
no restriction that the final network needs to be a tree. Another variation is the
Capacitated Minimum Spanning Network problem with connectivity con-
straints [Jothi and Raghavachari 2004b].

The CMST problem has been well studied in computer science and operations
research for the past 40 years. Numerous heuristics and exact algorithms have
been proposed (see Section 1.3 for more details). Although most of the heuristics
solve several well-known instances close to optimum, they do not provide any
approximation guarantee on the quality of the solutions obtained. Exact procedures
are limited to solving smaller instances because of their exponential running time.
In this article, we present improved approximation algorithms for the CMStT and
CMST problems and their variants.

1.1. PREVIOUS RESULTS. For the CMST problem with uniform vertex weights,
Gavish and Altinkemer [1986] presented a modified parallel savings algorithm
(PSA) with approximation ratio 4 − 1/(2�log k�−1). Altinkemer and Gavish [1988]
gave improved approximation algorithms with ratios 3− 2

k and 4 for the uniform and
nonuniform vertex weight cases, respectively. They constructed a traveling sales-
man tour (TSP) with length of at most twice the minimum spanning tree (MST), and
partitioned the tour into segments (subtrees) of weight at most k. Partitioned sub-
trees were then connected to the root vertex using direct edges. Hassin et al. [2000]
presented algorithms for the 1-cable SSBB problem. The algorithms by Altinkemer
and Gavish [1988] and Hassin et al. [2000] can be used to obtain ratios of 2ρST+1 and
2ρST +2 for the respective uniform and nonuniform vertex weight CMStT problems.

1.2. OUR CONTRIBUTIONS. In this article, we solve the long-standing open
problem of obtaining better approximation ratios for the CMST problem. Our main
results are the following:

—We present a (γρST + 2)-approximation algorithm for the CMStT problem, where
γ is the inverse Steiner ratio,1 and ρST is the best achievable approximation ratio
for the Steiner tree problem. Our ratio improves the current best ratio of 2ρST +2
for this problem.

—In particular, we obtain (γ +2)-approximation ratio for the CMST problem, which
is an improvement over the current best ratio of 4 for this problem. For points in
Euclidean and rectilinear planes, our result translates into ratios of 3.1548 and
3.5, respectively.

—For instances in the plane, under the L p norm, with the vertices in D having
uniform weights, we present a nontrivial ( 7

5ρST + 3
2 )-approximation algorithm

for the CMStT problem. This translates into a ratio of 2.9 for the CMST problem
with uniform vertex weights in the L p metric plane. Our ratio of 2.9 solves the
long-standing open problem of obtaining a ratio any better than 3 for this case.

—For the CMST problem, we show how to obtain a 2-approximation for graphs in
metric spaces with unit vertex weights and k = 3, 4.

1The Steiner ratio is the maximum ratio of the costs of the minimum cost Steiner tree versus the
minimum-cost spanning tree for the same instance. In graphs γ = 2, and in Euclidean and rectilinear
metrics it is 2/

√
3 and 3/2, respectively.
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—For the budgeted CMST problem, in which the weights of the subtrees connected
to r could be up to αk instead of k (α ≥ 1), we obtain a ratio of γ + 2

α
.

Of the above results, the 2.9-approximation result for the CMST problem is of
most significance. This is due to the fact that obtaining a ratio any better than 3
for graphs defined in the Euclidean plane (with uniform vertex weights) is not
straightforward. There are several ways one can obtain a ratio of 3 for this problem
(Altinkemer and Gavish [1988], a variation of the algorithm in Hassin et al. [2000],
our algorithm in Section 3.1). But the question was whether one can ever obtain
a ratio smaller than 3 − o(1) for this version of the CMST problem. We present an
example (in Section 5), which shows that, with the currently available lower bounds
for the CMST problem, it is not possible to obtain an approximation ratio any better
than 2. We introduce a novel concept of X-trees to overcome the difficulties in
obtaining a ratio better than 3.

Achieving ratios better than 3 and 4 for the uniform and nonuniform vertex
weighted CMST problems, respectively, has been an open problem for over 15
years now. One major reason for the difficulty in finding better approximations is
that there is no nontrivial lower bound for an optimal solution. There are instances
for which the cost of an optimal solution can be as much as �(n/k) times that of
an MST. The inability to find better lower bounds has greatly impeded the process
of finding better approximation ratios for this problem. Even though we were not
able to completely eliminate the use of MST as a lower bound, we found ways to
exploit its geometric structure, thereby achieving better performance ratios. Unlike
the algorithms in Altinkemer and Gavish [1988], in which the MST lower bound
contributes a factor of 2 to the final ratio, our algorithms minimize the use of the
MST lower bound, thereby achieving better ratios.

1.3. RELATED WORK. Algorithms for finding an MST with no constraints are
well known. In fact, those algorithms can be modified to find a feasible CMST,
albeit with no guaranteed approximation ratio. The celebrated clustering technique
of Goemans and Williamson [1995] can be used to approximate the CMST problem
by partitioning the given set of n nodes into groups of weight exactly k, form a MST
for each group, and connect each tree to the root node. The approximation ratio of
such an approach would be 4(1 − 1

k )2 + 1.
There are several exact algorithms and mathematical formulations [Chandy and

Lo 1973; Chandy and Russell 1972; Elias and Ferguson 1974; Gavish 1982, 1983,
1985; Gouveia 1993, 1995; Gouveia and Ao 1991; Hall 1996; Kershenbaum and
Boorstyn 1983; Malik and Yu 1993] available for solving the CMST problem. The
instance sizes that can be solved by these algorithms to optimality, in reasonable
amount of time, are still far from that of real-time instances.

Heuristics for the CMST problem can be classified into three categories: sav-
ings procedures, construction procedures, and improvement procedures. Esau and
Williams [1966] gave an efficient and well-known savings heuristic for the CMST
problem. Some of the other heuristics that use savings procedure to construct the
tree include Elias and Ferguson [1974], Gavish [1991], Gavish and Altinkemer
[1986], Kershenbaum [1974], Whitney [1970]. Construction procedures [Boorstyn
and Frank 1977; Chandy and Russell 1972; Karnaugh 1976; Kershenbaum and
Chou 1974; Martin 1967; McGregor and Shen 1977; Schneider and Zastrow 1982;
Sharma and El-Bardai 1970] start with an empty tree and add the best edge or
node to grow the tree. Improvement procedures [Elias and Ferguson 1974; Frank
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et al. 1971; Karnaugh 1976; Kershenbaum et al. 1980; Malik and Yu 1993] start
with an initial feasible solution, usually obtained by running the Esau and Williams
[1966] algorithm, and make improvements by adding and deleting edges as long as
improvements are possible. There are other heuristics based on tabu search and sim-
ulated annealing [Aarts and Korst 1989; Osman and Christofides 1994; Sharaiha
et al. 1997]. For more details on these and other heuristics, we refer the reader to
the following survey papers: Amberg et al. [1996] and Voß [2001] for further in-
formation on several well-known heuristics, and Ahuja et al. [2001], Amberg et al.
[1996], Domschke et al. [1992], and Glover [1989, 1990] for extensive background
and comparison of several heuristics based on tabu search techniques.

2. Preliminaries

Let |uv| denote the distance between vertices u and v . Length of an edge is also
its cost. The terms points, nodes, and vertices will be used interchangeably in this
article. For a given k, let OPT and APP denote optimal and approximate solutions,
respectively, and let Copt and Capp denote their respective costs. Let Cmst and CST

denote the costs of an MST and an optimal Steiner tree, respectively.
In a rooted tree T , let tv denote the subtree rooted at v . Let CT denote the cost

of tree T . Let w(v) denote the weight of vertex v , and let w(tv) denote the sum of
vertex weights in the subtree rooted at v . For the CMStT problem, the weight of a
vertex the is not in D is assumed to be 0. By weight of a subtree, we mean the sum
of the vertex weights in that subtree. We call the edges incident on r of a CMStT
spokes. By level of a vertex, in a tree T rooted at r , we mean the number of tree
edges on its path to r (also known as depth).

By metric completion of a given graph (whose edges obey triangle inequality),
we refer to a complete graph. Throughout this article, without loss of generality,
we assume that the metric completion of the input graph is available, and that
the weights of vertices in V \D are zero. All our algorithms in this article are for
the CMStT problem—a generalization of the CMST problem. The following lemma
gives a lower bound on the cost of an optimal solution.

LEMMA 2.1. Copt ≥ 1
k

∑
v∈V w(v)|rv|.

PROOF. Let t be the number of subtrees connected to r in OPT. Let l be one
such subtree in OPT that is connected to r . Let Sl be the set of vertices in l. Let Cl be
the sum of the cost of the edges incident on the vertices in l. By triangle inequality,

Cl ≥ max
v∈Sl

{|rv|}

≥
∑

v∈Sl
w(v)|rv|∑

v∈Sl
w(v)

≥
∑

v∈Sl
w(v)|rv|
k

.

For t subtrees connected to r in OPT,

Copt =
t∑

l=1

Cl

≥
∑

v∈V w(v)|rv|
k

.
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3. CMStT Algorithms

We first construct a ρST-approximate Steiner tree T spanning all the vertices in
D ∪ {r}, and then root T at the root vertex r . Next, we prune subtrees of weight at
most k in a bottom-up fashion, and add edges to connect r to the closest node in
each of the pruned subtrees. In simple terms, we basically cut T into subtrees of
weight at most k and connect them to the root vertex.

It is safe to assume that nodes have integer weights. The assumption is not
restrictive as any CMStT problem with rational weights can be converted to an
equivalent problem with integer node weights. The optimal solution for the scaled
problem is identical to that of the original problem [Altinkemer and Gavish 1988].

Since our algorithm for the uniform vertex weights case is quite complex, we
first present the algorithm for the general case (nonuniform vertex weights), which
will help in an easier understanding of our algorithm for the uniform vertex weights
case. Before we proceed to the algorithms, we present the following important
lemma.

LEMMA 3.1. For a given graph G = (V, E), a set of demands D ⊆ V , r ∈ V ,
and a k, let T f be a feasible CMStT and let t1, t2, . . . , tm be the subtrees connected
to r in T f . Let w(tq) be the weight of a minimum weight subtree tq connected to r .
For all i , if the cost of the edge connecting subtree ti to r is minimal, then the cost
Csp of all the edges incident on r (spokes) in T f is at most k/w(tq) times the cost of
an optimal solution.

PROOF. Let � be the set of vertices in t1, . . . , tm . For all i , let vi be the vertex
in ti through which ti is connected to r . Recall that edge rvi is a spoke, and that it
is a minimal cost edge crossing the cut between r and ti . Then,

|rvi | ≤
∑

v∈ti
w(v)|rv|∑

v∈ti
w(v)

≤
∑

v∈ti
w(v)|rv|

w(tq)
.

The cost of the all the edges incident on r is given by

Csp =
m∑

i=1

|rvi |

≤
∑

v∈� w(v)|rv|
w(tq)

= k

w(tq)
×

∑
v∈D w(v)|rv|

k

≤ k

w(tq)
× Copt (by Lemma 2.1).

3.1. NONUNIFORM VERTEX WEIGHTS. The algorithm given below outputs a
feasible CMStT for a given instance, whose edges obey triangle inequality. Note that
during the course of the algorithm, we replace real vertices with dummy vertices
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of zero weight. These dummy vertices can be thought of as Steiner points. In the
algorithm, we use ci to denote the subtree rooted at vertex v’s i th child, and pv to
denote v’s parent.

Algorithm CMStT-NONUNIFORM
Input: ρST-approximate Steiner tree T rooted at r .

(1) Choose a maximum level vertex v �= r such that w(tv) ≥ k. If there exists no such vertex, then for
each subtree s containing a dummy vertex and connected to r , replace the Steiner edges incident
on the vertices in s with the minimal cost tree τ spanning only the vertices in s ∩ D and r , and
STOP.

(2) If w(tv) = k, then replace the Steiner tree edges incident on the vertices in tv with the edges of
a minimal-cost tree τ spanning only the vertices in tv ∩ D. Add a new edge connecting r to the
closest vertex in τ .

(3) Else if, for some i , w(ci ) ≥ k/2, then replace the Steiner tree edges incident on the vertices in
ci with the edges of a minimal-cost tree τ spanning only the vertices in ci ∩ D. Add a new edge
connecting r to the closest vertex in τ .

(4) Else if
∑

w(ci ) < k/2, which means w(v) > k/2, then replace v with a dummy vertex. In the
final solution, add v and an edge connecting v to r .

(5) Else collect a subset s of subtrees, each of which is rooted at one of v’s children, such that
k/2 ≤ w(s) ≤ k. Replace the Steiner tree edges incident on the vertices in s with the edges of
a minimal-cost tree τ spanning only the vertices in s ∩ D. Add a new edge connecting r to the
closest vertex in τ .

(6) Go to step 1.

It can be verified that our algorithm outputs a feasible CMStT for a given k.

THEOREM 3.2. For a given CMStT instance, Algorithm CMStT-NONUNIFORM
guarantees an approximation ratio of (γρST + 2).

PROOF. We show that the cost of the tree output by Algorithm CMStT-
NONUNIFORM is at most γρST + 2 times the cost of an optimal CMStT. The input to
the algorithm is a ρST-approximate Steiner tree T .

It can be easily verified from the algorithm that all the new edges added to the
original tree T are either new spokes, or edges that interconnect vertices within the
subtrees for which the new spokes were added. In what follows, we account for
the cost of the new spokes added to T , followed by the cost of other edges in the
final solution output by the algorithm.

A new spoke, incident on a subtree, is added to the original Steiner tree if and
only if the weight of the subtree it connects is at least k/2. Notice that the algorithm
outputs a tree with each subtree connected to r being disjoint and the weight of
every such subtree, for which a new spoke was added, being at least k/2. Let Csp

be the cost of the spokes that the algorithm “adds” to the Steiner tree. Note that Csp

does not include the cost of the spokes that are already in the Steiner tree that was
given as input to the algorithm. By Lemma 3.1,

Csp ≤ 2 × Copt.

Now, we account for the cost of other edges in the final solution. These edges
are either the Steiner tree edges or the edges that replaced the Steiner tree edges.
We show that the total cost of all these edges together is at most γ times the cost of
the initial Steiner tree. To prove this, it suffices to prove that the cost of the edges
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that replace the Steiner tree edges is at most γ times the cost of the Steiner tree
edges that it replaces. For every subtree formed, notice that the algorithm replaced
the edges of the Steiner tree spanning the vertices in that subtree by the edges of
an MST spanning only the nonzero weight vertices in that subtree. Since γ was
defined to be the inverse Steiner ratio (ratio of the cost of an MST versus the cost
of an optimal Steiner tree), by Steiner ratio argument, the cost of the MST spanning
only the nonzero weight vertices in a subtree is at most γ times the cost of an
optimal Steiner tree spanning the nonzero weight vertices in that subtree. Thus,
we can conclude that the cost of the new edges is at most γ times the cost of the
ρST-approximate Steiner tree edges it replaces. The final cost of the tree output by
the algorithm is given by

Capp ≤ Csp + γρSTCST

≤ 2Copt + γρSTCopt

≤ (γρST + 2)Copt.

COROLLARY 3.3. For the CMStT problem with uniform vertex weights, Al-
gorithm CMStT-NONUNIFORM with little modification guarantees a (ρST + 2)-
approximation ratio.

PROOF. Since we are dealing with uniform vertex weights, without loss of
generality, we can assume that they are of unit weight, and thus we can eliminate
Step. 4 from Algorithm CMStT-NONUNIFORM. Therefore no dummy vertices are
introduced by the algorithm. Once a subtree t of size at least k/2 is found, instead
of replacing the Steiner tree spanning the vertices in t with a MST spanning the
nonzero weight vertices in t , we can just use the edges in t , minus the edge that
connects t to its parent, as they are. This eliminates the γ from the final ratio.

COROLLARY 3.4. For the CMST problem, Algorithm CMStT-NONUNIFORM
guarantees a (γ + 2)-approximation ratio. In particular, for points in Euclidean
and rectilinear planes, it guarantees a ratio of 3.1548 and 3.5, respectively.

PROOF. Since the MST cost is a lower bound on the CMST, the CMStT algorithm
with an MST as the input will guarantee an approximation ratio of (γ +2) being 2/

√
3

and 3/2 in the Euclidean and rectilinear metrics, respectively, which completes the
proof.

3.2. UNIFORM VERTEX WEIGHTS. Although our algorithm for uniform vertex
weights case is similar to Algorithm CMStT-NONUNIFORM at the top level, contrary
to expectations, there are some complicated issues that have to be handled in order
to obtain an approximation ratio strictly less than ρST +2. From our analysis for the
non uniform vertex weights case, we can see that the weight of the minimum weight
subtree connected to r plays a crucial role in the calculation of the approximation
ratio. An obvious heuristic is to prune subtrees of weight as close as possible to k, so
that the ratio drops considerably. We will soon see why pruning subtrees of weight
strictly greater than k/2 is more difficult than pruning subtrees of weight greater
than or equal to k/2. To overcome the difficulty of pruning subtrees of size strictly
greater than k/2, we introduce the concept of X-trees, which we define below. We
call a subtree, tv, rooted at vertex v an X-tree, x , if all of the following properties
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FIG. 1. An X-tree with k = 100.

are satisfied (see Figure 1):

—k < w(tv) < 4
3 k.

—Weight of no subtree connected to v is between 2
3 k and k.

—Sum of the weights of no two subtrees connected to v is between 2
3 k and k.

—Sum of the weights of no three subtrees connected to v is between 2
3 k and k.

Since the vertices are of uniform weight, without loss of generality, we can
assume that they are of unit weight, and scale k accordingly. We also assume that
a ρST-approximate Steiner tree is given as part of the input. Note that we are trying
to solves instances in L p metric plane. Even though the maximum nodal degree
in a Steiner tree on a plane is 3, we will continue as if it were 5. This is to ensure
that our algorithm solves CMST instances on a plane, as the maximum degree of an
MST on a L p plane is 5 [Monma and Suri 1992; Robins and Salowe 1995]. Note
that every vertex but the root in a tree, with vertex degrees at most 5, has at most
four children. For points in the L p plane, the proposition below follows from the
definition of an X-tree.

PROPOSITION 3.5. Let v1 be a maximum level vertex in an X-tree rooted at v
such that tv1 is also an X-tree (v1 could be v itself). If there is no subtree (non-X-
tree) of weight greater than k rooted at one of v1’s children, then there always exist
two subtrees, tα and tβ , connected to v1 such that k < w(tα) + w(tβ) < 4

3 k and
1
3 k < w(tα), w(tβ) < 2

3 k.

The algorithm given below finds a feasible CMStT for instances defined on a L p
plane. In the algorithm, we use ci to denote the subtree rooted at child i of vertex
v , and x j to denote the X-tree rooted at child j of vertex v .

Algorithm CMStT-UNIFORM
Input: ρST-approximate Steiner tree T rooted at r , with vertex degrees at most 5.

(1) Choose a maximum level vertex v �= r such that tv is a non-X-tree with w(tv) ≥ k. If there exists
no such vertex then go to step 11.

(2) If w(tv) = k, then add a new edge connecting r to the closest node in tv. Remove edge vpv from
T .

(3) Else if, for some i , 2k/3 ≤ w(ci ) ≤ k, then add a new edge connecting r to the closest node in
ci . Remove the edge connecting v to ci from T .

(4) Else if, for some i and j (i �= j), 2k/3 ≤ w(ci ) + w(c j ) ≤ k, then replace edges vci and vc j by
a minimal cost edge connecting ci and c j , merging the two subtrees into a single tree s. Add a
new edge to connect r to the closest node in s.

(5) Else if, for some i, j , and z (i �= j �= z), 2k/3 ≤ w(ci ) + w(c j ) + w(cz) ≤ k, then replace the
Steiner tree edges incident on the vertices in ci , c j , and cz by a minimal-cost tree s spanning
all the vertices in ci , c j , and cz (Figure 2(a)). Add a new edge to, connect r to the closest node
in s.
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FIG. 2. Illustration of (a) Step 5 and (b) Step 6.

FIG. 3. X-tree within an X-tree.

(6) Else if, for some i, j , and z (i �= j �= z), 4k/3 ≤ w(ci ) + w(c j ) + w(cz) ≤ 2k, then do the
following:

Let Ei be the set of edges incident on vertices in ci . We define E j (Ez) with respect to c j

(respectively, cz) analogously. Without loss of generality, let E j be the low-cost edge set among
Ei , E j , and Ez . Use DFS on c j to partition the vertices in c j into two sets g1 and g2 such that
the total weight of vertices in (ci ∪ g1) ∩ D is almost the same as the total weight of vertices in
(cz ∪ g2) ∩ D. Remove all the edges incident on the vertices in subtrees ci , c j and cz . Construct
a minimal cost spanning tree s1 comprising the vertices in ci and g1. Similarly, construct a
minimal-cost spanning tree s2 comprising the vertices in cz and g2. Add new edges to connect
r to the closest nodes in s1 and s2.

(7) Else if, for some i and j (i �= j), 2k < w(xi )+w(x j ) < 8k/3, do the following. Let v1 and v2 be
two maximum level vertices in X-trees xi and x j , respectively, such that tv1 and tv2 are X-trees
themselves (see Figure 3). Recall, by Proposition 3.5, that there exist two subtrees tα1 and tβ1

(tα2 and tβ2 ), connected to v1 (respectively, v2) such that k < w(tα1 )+w(tβ1 ) < 4
3 k (respectively,

k < w(tα2 ) + w(tβ2 ) < 4
3 k).

Let E1 represent the set of edges incident on vertices in tα1 (see Figure 4). Let E2 represent
the set of edges incident on vertices in tβ1 . We define E4 (E5) with respect to tα2 (respectively,
tβ2 ) analogously. Let E3 be the set of edges incident on vertices in xi and x j minus the edges in
E1, E2, E4 and E5.

Let G1 ={E1, E2}, G2={E3}, and G3 ={E4, E5}be three groups. Out of {E1, E2, E3, E4, E5},
double two low-cost edge sets such that they belong to different groups.
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FIG. 4. Partitioning the edges within an X-tree.

FIG. 5. Illustration of Step 7(a).

FIG. 6. Illustration of Step 7(b).

(a) If Ei and E j were the two edges sets that were doubled, with Ei in G1 and E j in G3,
then form three minimal-cost subtrees s1, s2, and s3 spanning the vertices in xi and x j as
follows. Without loss of generality, let E2 and E4 be the two low-cost edge sets that were
doubled (Figure 5). Use shortcutting to form s1 spanning all vertices in tα1 and a subset of
vertices in tβ1 , form s3 spanning all vertices in tβ2 and a subset of vertices in tα2 , and form
s2 with all the left-over vertices. Remove edge vpv . Since k < w(tα1 ) + w(tβ1 ) < 4k/3,
k < w(tα2 ) + w(tβ2 ) < 4k/3, and 2k ≤ w(xi ) + w(x j ) ≤ 8k/3, we can form s1, s2, and s3

of almost equal weight with 2k/3 ≤ w(s1), w(s2), w(s3) ≤ k.
(b) If Ei and E j were the two edges sets that were doubled, with Ei in G1 or G3, and E j in

G2, then form three minimal-cost subtrees s1, s2, and s3 spanning the vertices in xi and x j

as follows. Without loss of generality, let E2 and E3 be the two low-cost edge sets that
were doubled (see Figure 6). From tα2 and tβ2 find a vertex w such that |wr | is minimum.
Without loss of generality, let tα2 contain w . Use shortcutting to form s3 spanning all the
vertices in x j minus the vertices in tβ2 (see Figure 7). Note that k/3 < w(s3) < k, as x j

and tv2 are X-trees and k/3 < w(tα2 ), w(tβ2 ) < 2k/3. Also, since k/3 < w(tβ2 ) < 2k/3
and k < w(xi ) < 4k/3, subtrees s1 and s2 together will be of weight at least 4k/3 and
at most 2k (see Figure 7). Form subtrees s1 and s2, using the ideas in Step 6, such that
2k/3 ≤ w(s1), w(s2) ≤ k, and 4k/3 ≤ w(s2) + w(s3) ≤ 2k.
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FIG. 7. Pruning a subtree of weight at least k/3 and at most k from an X-tree.

(c) Add new edges to connect r to the closest nodes in s1, s2, and s3.
(8) Else if, for some i and j (i �= j), 4k/3 ≤ w(xi ) + w(c j ) < 2k, do the following.

Let v1 be a maximum level vertex in X-tree xi such that tv1 is an X-tree itself. Recall,
by Proposition 3.5, that there exist two subtrees tα1 and tβ1 , connected to v1 such that k <

w(tα1 ) + w(tβ1 ) < 4
3 k.

Let E1 represent the set of edges incident on vertices in tα1 . Let E2 represent the set of edges
incident on vertices in tβ1 . Let E3 be the set of edges incident on vertices in xi and c j minus the
edges in E1 and E2. Form subtrees s1 and s2 using the ideas in Step 6. Add new edges to connect
r to the closest nodes in s1 and s2.

(9) Else if, 4k/3 ≤ w(tv) ≤ 2k, do the following. Let v1 be a maximum level vertex in X-tree xi

such that tv1 is an X-tree itself. Recall, by Proposition 3.5, that there exist two subtrees tα1 and
tβ1 , connected to v1 such that k < w(tα1 ) + w(tβ1 ) < 4

3 k.
Let E1 represent the set of edges incident on vertices in tα1 . Let E2 represent the set of edges

incident on vertices in tβ1 . Let E3 be the set of edges incident on vertices in tv minus the edges
in E1 and E2. Form subtrees s1 and s2 using the ideas in Step 6. Add new edges to connect r to
the closest nodes in s1 and s2.

(10) Go to Step 1.
(11) While there is an X-tree, x , connected to r , pick a maximum level vertex v1 in x such that tv1 is

also an X-tree. Out of the two subtrees, tα and tβ , connected to v1 (by Proposition 3.5), without
loss of generality, let tα be the subtree that is closer to r . Remove the edge connecting tα to v1,
and add a new edge to connect r to the closest node in tα .

LEMMA 3.6. Algorithm CMStT-UNIFORM considers all the possible cases for a
given subtree tv.

PROOF. Recall that we are working with a ρST-approximate Steiner tree with
maximum nodal degree at most 5. If the subtree tv fits into one of Steps 2–6, then the
algorithm will solve the case using one of those steps. Hence, for the rest of the proof,
we can assume that subtree tv does not fit into any of Steps 2–6. Since tv is a subtree of
weight greater than k and does not fit into any of Steps 2–6, there must be at least one
X-tree connected to v . As can be seen from the algorithm, Steps 7–9 captures all pos-
sible cases under this setting.

THEOREM 3.7. For a given CMStT instance on a L p plane, Algorithm CMStT-
UNIFORM guarantees an approximation ratio of ( 7

5ρST + 3
2 ).

PROOF. We show that the cost of the tree output by Algorithm CMStT-UNIFORM

is at most ( 7
5ρST + 3

2 ) times the cost of an optimal CMStT. The input to the algorithm
is a ρST-approximate Steiner tree T with maximum nodal degree at most 5.

The algorithm “adds” a new spoke to the tree whenever it prunes a subtree
of weight at least 2k/3. There are certain situations (Steps 6 and 11) where the
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algorithm adds a spoke for pruned subtrees of weight less than 2k/3. We continue
our analysis as if all of the pruned subtrees were of weight at least 2k/3. This suppo-
sition makes the analysis of spoke cost simpler. We will soon justify this supposition
(in Cases 5 and 8) in a manner that does not affect the overall analysis in any way.

The cost of the spokes that were added to the initial Steiner tree is given by

Csp ≤ 3

2
× Copt

by an argument analogous to that proving the cost of the spokes that the algorithm
adds to the initial Steiner tree in Theorem 3.2. The above inequality follows
immediately from the fact that a new spoke is added to the tree if and only if the
subtree it connects to r is of weight at least 2k/3.

Now, we account for the cost of other edges—all the edges in the final solution,
except for the spokes added by the algorithm—in the final solution. We show that
the cost of these edges is at most 7/5 times the cost of the Steiner tree edges that
the algorithm started with. To prove this, it suffices to show that the cost of the
edges that replace the Steiner tree edges is at most 7/5 times the cost of the edges
that are replaced. In what follows, we show this by presenting a case-by-case
analysis depending upon which step of the algorithm was executed.

Case 1. Steps 1, 2, 3, and 10 do not add any nonspoke edges. The weight of the
subtrees for which Steps 1 and 2 adds spokes to the tree is at least 2k/3.

Case 2. The minimal-cost edge connecting ci and c j in Step 4 is at most the sum
of the two Steiner tree edges that connect ci and c j to v (by triangle inequality).
Hence no additional cost is involved.

Case 3. In Step 5, the cost of the tree s spanning all the vertices in ci , c j , and cz
is at most the cost of the tree obtained by doubling the minimum-cost edge out of
the three Steiner tree edges that connect the three subtrees to v (see Figure 2(a)).
Hence, we can conclude that the cost of the tree constructed in Step 5 is at most
4/3 times the cost of the Steiner tree edges it replaces.

Case 4. In Step 6, the total cost of the trees s1 and s2 spanning all the vertices in
ci , c j , and cz is at most the total cost of the trees t1 and t2 obtained by doubling the
minimum-cost edge set out of the three edge sets that are incident on the vertices
in ci , c j , and cz , respectively (see Figure 2(b)). Hence, we can conclude that the
cost of the tree constructed in Step 6 is at most 4/3 times the cost of the Steiner
tree edges it replaces.

Case 5. Step 7 forms three subtrees s1, s2, and s3 from X-trees xi and x j . Since
s1, s2, and s3 can be formed by doubling two low-cost edge sets (belonging to
two different groups) out of the five possible edge sets and shortcutting, we can
conclude that the cost of the subtrees s1, s2, and s3 constructed in Step 7 is at most
7/5 times the cost of the Steiner tree edges it replaces.

Accounting for the cost of the spokes added to the Steiner tree requires that each
subtree pruned from the Steiner tree be of weight at least 2k/3. We already proved
that the cost of the spokes added to the Steiner tree is at most 3/2 times the cost of
an optimal solution. Without loss of generality, the requirement that each pruned
subtree is of weight at least 2k/3 can be interpreted as that of “charging” the spoke
cost incident on a subtree to at least 2k/3 vertices. Notice that this interpretation
is valid only if the spoke connecting the subtree to the root is of minimal cost (r
is connected to the closest node in the subtree).
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Step 7(a) of the algorithm constructs three subtrees s1, s2, and s3, each containing
at least 2k/3 vertices. This ensures that there are at least 2k/3 vertices to which
each of these subtrees can charge their spoke cost. This is not the case with
Step 7(b) of the algorithm. As can be seen, subtree s3 might be of weight less than
2k/3. Since s2 contains at least 2k/3 vertices and w(s2) + w(s3) ≥ 4k/3, and w is
a vertex in x j such that |wv| is minimum, we can always charge the spoke costs of
s2 and s3 to at least 4k/3 vertices. Hence, our initial assumption that every pruned
subtree is of weight at least 2k/3 does not affect the analysis since there are at
least 2k/3 vertices for every spoke to charge.

Case 6. The analyses for Steps 8 and 9 are similar to that for Step 6 (Case 4).

Case 8. Step 11 prunes one subtree off X-tree x . The cost of the spoke |rw| to
connect tα to r can be charged to all the vertices in the X-tree x as per the following
argument. After disconnecting tα from the X-tree, we are left with a subtree of
w(x) − w(tα) < k vertices. We do not need a new spoke for the left-over subtree as
it is already connected to r using the Steiner tree edge. Hence, even for this case,
our initial assumption that every pruned subtree is of weight at least 2k/3 does not
affect the analysis since there are at least 2

3 k vertices to charge for the spoke added.
In all of the above cases, the cost of the edges that replace the Steiner tree edges

is at most 7/5 times the cost of the Steiner tree edges that the algorithm started
with. Thus, the total cost of the tree output by the algorithm is

Capp ≤ 7

5
ρSTCST + 3

2
Copt

≤
(

7

5
ρST + 3

2

)
Copt.

COROLLARY 3.8. For the CMST problem in the L p plane with uniform vertex
weights, Algorithm CMStT-UNIFORM guarantees a 2.9-approximation ratio.

3.3. UNIT VERTEX WEIGHTS WITH k = 3, 4. The CMST problem is polynomial
time solvable if all vertices have unit weights, and k = 2 [Garey and Johnson 1979].
We show that an optimal solution for k = 2 is a 2-approximation for k = 3, 4. Let
opt2, opt3, and opt4 be the optimal costs for k = 2, k = 3, and k = 4, respectively.

THEOREM 3.9. Given a undirected graph G = (V, E) with unit vertex weights,
r ∈ V , and k = 3 or 4, an optimal solution for the CMST problem with k = 2 is a
2-approximation for the CMST problem with k = 3, 4.

PROOF. We obtain the following inequalities from the fact that one could obtain
a feasible solution for k = 2 by doubling the edges of an optimal solution for
k = 3, 4:

opt2 ≤ 2 × opt3 and opt2 ≤ 2 × opt4.

If we were to use opt2 as a feasible solution for k = 4, then

Ratio = opt2
opt4

≤ opt2
opt2/2

= 2.

Using the same argument, we can conclude that opt2/opt3 ≤ 2.
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TABLE I. COMPARISON OF OUR RATIOS WITH THOSE OF ALTINKEMER AND GAVISH [1988] FOR THE

BUDGETED CMST PROBLEM

Uniform Vertex Weights in L p Plane Nonuniform Vertex Weights in Euclidean Plane
Our ratio AG’s ratio Our ratio AG’s ratio

α 1 + 2
α

2 − 2
k + 1

α

2√
3

+ 2
α

2 + 2
α

1 3 3 − 2
k 3.155 4

2 2 2.5 − 2
k 2.155 3

4 1.5 2.25 − 2
k 1.655 2.5

...
...

...
...

...
∞ 1 2 1.155 2

4. The Budgeted CMST Problem

In this section, we show the effects of using MST cost as a lower bound for the
CMST problem. For this purpose, we try to compare our algorithms for the CMST
problem with those of Altinkemer and Gavish [1988]. In Altinkemer and Gavish
[1988], the approximation ratios are dominated by the MST cost, while that is not
the case with our algorithms.

We consider a relaxed version of the CMST problem, the budgeted CMST problem,
in which a compromise can be made on the capacity constraint k. In this version,
for a given k, the weights of the subtrees connected to r could be up to αk, where
α ≥ 1. This gives flexibility when the cost of final solution has to be below a certain
budget B, Cmst < B < βCopt, where β is the approximation ratio if the capacity
constraint were k.

To solve this version, we can use our algorithm for nonuniform vertex weights
with αk as the capacity constraint instead of k. We obtain the following theorems
for this version of the problem.

THEOREM 4.1. For a given CMST instance and a k, Algorithm CMStT-
NONUNIFORM finds a CMST, with the weight of every subtree connected to r being
at most αk, whose cost is at most γ + 2

α
times the cost of an optimal solution to the

given problem.

PROOF. The proof is similar to the one for Theorem 3.2.

THEOREM 4.2. For a given CMST instance in the L p plane with uniform vertex
weights, and a k, Algorithm CMStT-NONUNIFORM finds a CMST, with the weight of
every subtree connected to r being at most αk, whose cost is at most 1 + 2

α
times

the cost of an optimal solution to the given problem.

PROOF. Without loss of generality, we can assume that the vertices are of unit
weight and scale k accordingly. Since the vertices are of unit weight, Step 4 of
the Algorithm CMST-NONUNIFORM will never be executed, and thus the concept
of dummy or Steiner vertices never have to be introduced. This directly means that
the edges within every subtree connected to r are MST edges. The rest of the proof
follows along the same line as that for Theorem 3.2.

Table I shows the comparison of our ratios with those of Altinkemer and Gavish
[1988] for special cases of the budgeted CMST problem (AG denotes Altinkemer
and Gavish).
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FIG. 8. A tight example for 2-approximation ratio.

5. Conclusion

In this article, we presented approximation algorithms for the CMStT problem. This
directly translates into improved approximation guarantees for the well-studied
CMST problem. Our results for the CMST problem are an improvement over the
15-year-old current best approximations for the respective problems.

Our ratios are, certainly, not tight. We believe that there is room for improve-
ment, at least for the CMST problem with uniform vertex weights, for which we
obtained a ratio of 2.9. The cost of an optimal CMST can be lower bounded by one
of the following two quantities: (i) the MST cost and (ii) the spoke lower bound
(Lemma 2.1). Consider Figure 8, which contains α2k points in a unit-spaced grid.
MST cost of the points in the grid alone is α2k − 1. Let k be the distance between
r and the closest node in the grid. For capacity constraint k, the cost of an optimal
solution would be 2α2k −α2, whereas the MST cost would be (α2 +1)k −1 and the
spoke lower bound would be α2k. This shows that, with the current lower bounds,
one cannot get a ratio any better than 2. It would be interesting to see whether we
could find a unified lower bound by combining the MST cost and the spoke cost in
a some way, instead of just analyzing them separately. We do not see a reason why
our of ratio of 2.9 cannot be improved to 2.
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